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The general misconception regarding velocity measurements of test particle as it approaches black 
hole is addressed by introducing generalised observer set. We also generalise the motion from radial 
geodesic to motion confined in a specific 9 plane exploiting the symmetry of the problem. For a 
general static spherically symmetric metric we find that velocity of the test particle do not approach 
that of light at event horizon. However if the metric co-efficient on the 2-sphere is a function of 
radial co-ordinte, then the motion is changed drastically and we have shown that this has connection 
with penrose process. 
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I. INTRODUCTION 



The radial motion of a test particle falling in a black hole is one of the key issues in general relativity. 
The infalling motion has been studied specifically for Schwarzchild black hole by several authors (see [1| , 
@, and (J). All of the m reached the same conclusion that velocity of the infalling particle approaches 
that of light near the event horizon, which for the Schwarzchild case is at r = 2M, where M is the mass 
of the black hole. The observers, called static observers, are at rest with respect to the mass creating 
the gravitational field. They are actually the world lines on the hypersurface of orthogonal killing vector 
field for the metric describing the gravitational field. However there exists a common misconception that 
particle approaches the speed of light as it moves to the black hole horizon for all observers, but not 
as a limiting procedure for a static observer at r as r — > 2m. However if we assume that the particle 
approaches the event horizon at the speed of light for a static observer, as we have defined it earlier, then 
simple velocity composition law tells that it should approach the speed of light for all local observers as 
space time is locally Minkowskian. 

So we have to modify our notion of velocity for a test particle near a black hole for a static observer. 
This work is done for Schwarzchild black hole by Crawford et. al. (see Q, @). The notion of observer 
is implimented and used in various co-ordinate frames by Bolo s (see Q, 0, @). 

However recently Chakraborty et. al. (see [l(|) has obtained trajectory around a general spherically 
symmetric non-rotaing black hole by choosing a general metric ansatz, 



dr 2 

ds 2 = -f(r)dt 2 + ^-+r d n 2 (1) 

fix) 

For this general case we find the velocity of the test particle with respect to a static observer 
(r =constnat) to be a function of f(r). While for the case of a general observer such that both the 
observer and the test particle moves along geodesic in = 2 plane then the velocity of the test particle 
with respect to the observer to our surprise, do not depend on the choice of the function f(r) however it 
depends on the angular momenta which was absent in the work by Crawford et. al., who assumed only 
radial geodesies. By including the angular momenta a rich structure will arise as we have shown later. 



Also we have used a second kind of spherically symmetric solution inspired by dilaton gravity (see [111 ]) 
to show that the velocity depends on the functional form of the metric co-efficient before 2-sphere line 
element. Here we introduce a function of r as the metric co-efficient on the 2-sphere. The metric is thus 
taken to be, 



ds z 



-f{r)dt 2 



dr 2 

fix) 



g(r)dn 2 



(2) 



* sumantac.physics@gmail.com 



2 



We shall show that the zeros of g{r) are related to penrose process. Throughout the paper we shall 
use natural unit such that G = c = I. 

This paper is organized as follows, in section (|//[) we introduce the general idea of observer and co- 
ordinate frames which we shall use through out this work. In section (|J/J[) we discuss the motion in 
spherical symmetric space-time with the metric ansatz given in ([T]) and then in section (I7V[) we discuss 
the motion with the general spherically symmetric model given by equation ([2]). The paper ends with a 
short discussion. 



II. CO-ORDINATE SYSTEM, REFERANCE FRAMES AND OBSERVERS 

The mathematical beauty of general relativity is the freedom of choice of co-ordintes in the description 
of physical phenomenon. We could choose any co-ordinate system as we wish, this choice might be taken in 
favour of the symmetry involved in the problem. Also the co-ordinates are not sufficient we need referance 
frame as well. However the co-ordinate system and referance frames are not independent, for example 
in one referance frame one set of co-ordinates may be important while it could change in other referance 
frame. However in literature (see Q) it is often seen that co-ordinate system and referance frames are 
used interchangebly. However in our discussion we find the use of "referance frame" and "co-ordinate 
system" to be distinct. By referance frame we shall mean a set of observers to take measurements, for 
example the set of all observers moving in a time like geodesic form a referance frame, whereas co-ordinate 
system refer to numbers specified over the whole space time manifold. 

In special relativity an infinite lattice work of sticks and clocks (see [Hj]) suffice to define a unique 
referance frame. However in general relativity we cannot have such rigid framework since the space 
time is Minkowskian only locally, so we replace this rigid system by a fluid (see Q). In a strictly 
mathematical sense the set of observers represents a set of future pointing timelike congruence, which is 
a three parameter family of curves x^(\, y l ), where A is an affinc parameter defined over the path, and 
y % labels the spatial parts of the curve. 

Observer in general theory is very local and it is a material particle parametrized by proper time. An 
observer field i.e. its velocity field u on the manifold M is stationary provided there exist a smooth 
function / greater than 0, such that fu — £ is a killing vector field, so the lie derivative of the metric 
with respect to the vector field £ vanishes (i.e. L^g^ v — 0). 

There is a natural way for an u-observer to define the speed of any particle with four velocity as it 
passes an event p E M, then the observer measure the square of the speed at event p to yield (see (5J), 

Then we have t^t" = — 1 and as well as Ufj,u v tH u = (u a t a ) 2 . Thus the above relation can be 
simplified to yield, 



Note that the two velocities u M and are timelike as observer and the test particle are both time like. 



III. MOTION IN A GENERAL SPHERICALLY SYMMETRIC SOLUTION-I 



A. Test Particle Geodesic 



We shall assume that our test particle is confined to a plane which is generally chosen as 9 = ir/2 
for calculational simplicity and as well as we have spherical symmetry so if we discuss the situation for 
some specified 9 plane then it would be the same for all. Thus this no longer represent a radially ingoing 
particle but a more generalised case where the particle has two variables to specify namely, {r,<f). The 
motion is determined by the Euler equations corresponding to the lagrangian formed as 2L = g^x^Xv, 
Which has the following explicit form (using equation (JTJ), 



3 



2L = -/(r)P + -Lf 2 +r 2 2 (5) 
f( r ) 

where dot denotes differentiation with repect to proper time of the particle. This equation can be 
written in terms of the particle proper time and then along the orbit we have 2L = — 1. This finally leads 
to, 

dr 2 = f(r)dt 2 - -^-dr 2 - r 2 d<t> 2 = f(r)dt 2 \l - v 2 ] (6) 
f(r) 

where 

2 _ 1 fdrV r 2 (d<f>\ 2 

' f(r) 2 \dt) + /(r) \dt) [ ] 

This is the velocity of the particle with respect to a ststic observer (inconstant) as illustrated by 
plugging = (1,0,0,0) in equation ([3]); i.e. the particle moves through a distance -jjyjdr 2 + r 2 fdcj) 2 

in a proper time given by y/Jdt. Where from now on we shall use simply / for /(r) due to notational 
simplicity. 

Since the lagrangian as given in ([5]) do not contain t explicitly we have a constant of motion which is 
nothing but the energy of the particle and it is given by, 

dL 

r = ft = constant = E (8) 

dt 

This constant of motion actualy originates from the killing vector field Jr, this can be phrased as, if 
the 4-velocity of the particle t a is a geodesic, then we have V t i = 0. From © and © we have obtained, 



l"i (9) 

Also the energy can be determined from the initial value of radius and velocity using @ such that, 

E 2 = { 5 ■ Where R is the initial radial co-ordinte and vq is the initial velocity. 



We have another constant of motion in this case which corresponds to the angular momentum of the 
particle and could be given by, 

<^=^ ( 10 ) 
Thus finally the velocity in proper frame on the plane 9 = ^ is given by, 

: ) =E 2 -V 2 (11) 



dr \ 2 f dr\ 2 f dt\ 2 



where V 2 = f 



n dr / V dt J \ dr J 

2' 



= f 



Thus the 4-velocity components for the geodesic particle specified by energy and angular momentum 
is given by, 

p=(Ey/&-V*,5 i ,Q) (12) 



r- 



written in terms of the constants of motion E and L. As a check we can use the identity = — 1 
and from (|12l) we see that u^u 11 = — =j- + , — h^j- = — + = — 1. Hence the four velocity as 
represented by (fT2")l is correct. 



B. Static Limit 



In some cases the velocity is measured in terms of proper time, as determined by clocks synchronized 
along trajectory of the particle. The velocity in case of radial particle is given by (see [l|), 

v 2 = (ffoo + 9oi^o) (.9oi - .900511) (£0) (13) 

When we generalise this result to our case where we have three co-ordinats x ^ 1 and x 3 (since x 2 = 
8 = constant), then velocity expression generalises to, 

, (5io-9oo9ii) fe) + ($90 - 900933) +2 (ffioffso -Si35oo) 
v 2 = * '- '—^ (14) 

(.9oo +9i0dftr +530dftr) 

Note that if we let ^ to be zero, then it reduces to equation (fT3"|) . In our case kepping the non zero 
terms we obtain, 

which is completely identical to ([7]). This definition has co-ordinte invariance. The 4 velocity has 
components = {— goo)" 1 ^ 2 ^ an d that for the particle reduces to t^ = (^r, , 0, ^r)- Thus using 
(|4]) we obtain the same equation as (jT5j) . 

From © we see that as f(r) = 0, the velocity is equal to 1. Hence for static observers v appproaches 
the speed of light at the event horizon and they predict faster than light speed inside event horizon. 

It might seem at first sight that this result has nothing to do with /(r) = but is connected to the 
co-ordinate system. However it has nothing to do with co-ordinate system but with the observer. So we 
should generalise our observer set. 

Also no observer can be at rest at r = 2M except photon, with respect to photon all particle traverse 
at speed of light. To get a clear view we discuss the acceleration of a static observer in the field of the 
gravitating body. The acceleration is necessary as in general relativity an observer at rest is not geodesic 
and is accelerated. 

The four acceleration field is defined as, 



a" = u^ = {ul + u a r^) (16) 
The only non zero component is given by using the definition of four velocities for static observers 

tO 

(/III I 



= T^= to yield, 



So acceleration depends on the function f(r) 



C. Ingoing Observers 



We consider motion of two particles such that the four velocities are given by, 
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1 2 3 4 5 6 

r 

Figure 1: The figure shows variation of v 2 with radial co-ordinate r for different choice of Ei, E2, L\ and L2. 




1 2 3 4 5 6 



Figure 2: The figure shows variation of v 2 with test particle energy for diferent observer energy and radial 

distance. 




Figure 4: The figure shows variation of v 2 with E2 and r. 
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Hence we obtain the following result, 



Thus we obtain, 



E\E 2 \/ (Ef 
f 



(E 



L1L2 



(19) 



E1E2 



Where, a± 



and a,2 



1 - 



fL x L 2 
r 2 E x E 2 



Simplifying and rearranging terms we have obtained that, 



(20) 



1 , , il^2 

- ai + a 2 - 

2 r z bj\Ei 



We know that the velocity could be given by, w 2 
after simplification, 



(21) 



1 



, »ii . Thus using equation (|2ip we obtain 



EM 



(i 



_L_ 



(22) 



Note that as r — >• the velocity approaches that of light i.e. v = 1. However if the particle and the 
observer has the same impact parameter i.e. ^ = then even if r — > the velocity does not approach 
zero, which is a very interesting result. 

Note from figure- 1, as radial co-ordinate of the particle is decreased the veloity remain less than speed 
of light. As r —¥ the velocity also approaches 1 in our system of units, which is justified and shows 
the actual motion that happen as the particle moves within the event horizon. It is also clear that 
with increase of the energy of the particle the velocity increases and it also increases with increasing the 
angular momenta. 

From figure-2 we see that as energy of the particle is increased we get a interesting behaviour, at first it 
decreases and become zero, then it again increases. Thus here the combined quantity in the denominator 
becomes 4. This happens when E\ coincides with E2 (see the figure), as we have chosen L\ = L2 (see 
equation |2"2"|) . However changing the radius has a very small effect on velocity profile. 

From figure-3 we find that velocity varies with angular momentum in some what the same manner as 
it does with energy. However by proper choice of E 2 = E\ the velocity can be made zero when L2 = E2 
as we have chosen other parameters such that L\ — E\, since under this condition the denominator in 
equation (|22|) become 4. As well as we can eliminate that zero by changing E 2 - 

Figure-4 shows the variation of velocity both with radial co-ordinate and the energy of the particle. 
This graph merely shows combined effects of varying radius and energy as we have illustrated in earlier 
graphs. 



IV. MOTION IN A GENERAL SPHERICALLY SYMMETRIC SOLUTION-II 

In this section we shall consider general spherically symmetric metric (given by equation [5]) inspired 
by dilaton gravity. Thus our lagrangian reads, 



2L 



-ft 2 



f 



(23) 



As usual we have / = f(r) and g = g(r), however due to notational simplicity we have taken them to 
be simply / and g respectively. Then the velocity has the following expression, 



The potential has the following expression which could be given by, 



^ 2 -/(l + y) (25) 
Thus 4-velocity components are given by for this potential to yield, 

(26) 

/ 9 J 

Note that for this case as well we have the following result t^tn = — 1. If we have used equation (|T4"f 
then we might have obtained that the velocity has the same expression as that given by 

Also the acceleration has no change only a 1 is non zero and has the value given by (j 1 T[) . If we proceed 
in an identical way then we obtain the following result for the velocity of a particle relative to an observer, 



E 2 E 2 



(27) 



E 2 



The most interesting part of this velocity expression corresponds to the fact that when at some finite 
r the quantity g = then v = 1. So even if it had not go to r = the particle is seen to move with the 
velocity of light. However under the same situation as above such that both the particle and the observer 
moves with the same impact parameter we obtain that this case is prohibited and the particle has v less 
than 1 for all r. 

Now to illutrate we shall use a specific form for g(r) from dilaton gravity. To give a brief introduction 
to dilaton grvity we point out some basic notion regarding this black hole solution. Static uncharged 
black hole in general relativity are described by Schwarzschild solution. If mass of the black hole is much 
large compared to Planck mass then this also describes to a good approximation the uncharged black 
hole in string theory except regions near singularity. However this is not the case for Einstein-Maxwell 
solutions. The dilaton coupling with F 2 implies that every solution with non zero Fu U will come with 
a non zero dilaton. Thus the charged black hole solution in general relativity (which is the Reissner- 
nordstrom solution) appears in a new form in string theory due to the presence of dilaton. The effective 
four dimensional low energy lagrangian obtained from string theory is, 



S = J d 4 x^j[-R + e^F 2 + 2(V0) 2 ] 

where F^ v is the Maxwell field associated with a U(l) subgroup of Eg x E s or Spin(32)/Z 2 - We have 
set the remaining gauge fields and antisymmetric tensor field H^ p to zero and 4> represents the dilaton 
strength (see Garfinkle et.al.[ll|, Coleman (l3j.. Bekenstein [l4[ and Witten (l5j |) 

The static spherically symmetric solution would give the following line element corresponding to the 
above action as, (see Garfinkle et.al.[ll|) 



ds 2 = -(1 - — )dt 2 + {1 _ 2 _M ) dr 2 + r(r - e 2 ^)dtf (28) 

Where <fio is the asymptotic value of dilaton strength. Thus applying the value of g(r) from (l28l) we 
could obtain the velocity expression from (|27j) . We shall now present our results for this choice graphically. 

From figure-5 we see that velocity of the particle has similar kind of variation with energy of the particle 
as we have seen in previous section. However note that even if we change the dilaton strength the zero 
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Figure 8: The figure shows variation of v 2 with r for different choices of test particle energy E2 and angular 

momentum £2. 
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in the velocity function do not shift. Figure-6 shows a very interesting feature. At large value of angular 
momentum the velocity approaches that of 1 in our system of units, which is justified. However note that 
a given region of space has no velocity which mean that we can not probe that region, with increasing 
dilaton strength the forbidden region increases. This is the sign that we have a high energy barrier. This 
comes from the zero of the function g(r). This is also a horizon except the event horizon. This is what 

influence the velocity of the test particle. So note that the region within r — 2M and r — e 2 ^°jj is 
responsible for this behaviour. Here both the particle and the observer took energy from the black hole so 
that they no longer follow the geodesic path, so that region is singular region of our velocity expression. 
However within r = 2M the particle and observer behave properly, giving correct velocity expression. 
This phenomenon is similar to what we see for penrose process. Thus this onset of forbidden region 
actually shows the penrose process in action. However if we tune our conditions such that the quantity 
e 2 ^ %r is less than the radial co-ordinate we have no such discontinuity as the particle and the observer 
have not reached the radius where g(r) = (see figure-7). Then the variation of velocity with radius is 
shown in figurc-8, figure-9 shows variation of velocity with both energy and angular momentum of the 
test particle. Figure-10 shows the variation of velocity with radius and dilaton strength, which also show 
spikes at the position of (r,<j>o) such that the relation r = e 2 ^ ^ is satisfied. Which again shows the 
penrose process giving energy to the particle and making its velocity 1, i.e. the speed of light. 



V. DISCUSSION 



We have seen that velocity of any ingoing particle with respect to observer sets as defined in the 
section (|/Jj) for a general spherically symetric potential with unit 2-sphere is always less than that of 
light outside the singular point, it approaches the speed of light as r — > 0. However the notion of static 
observers are not valid for r < 2M. It is valid only for region outside the event horizon. Thus we have 
defined ingoing observers and determine veloity with respect to the observer. We found that velocity of 
the test particle always remain less than 1. For a different choice of metric with a function on 2-sphere 
we found that the velocity is always less than 1 but there are some region which is forbidden. This 
represents the onset of penrose process. The region where this process becomes important corresponds 
to 2M < r < e 2 ^°^jj. So from determining the velocity of a test particle we could understand many 
diverse processes like penrose process, which we have just elaborated. Also it should be noted that the 
above analysis is not restricted to Einstein gravity, it can be applied to other black hole solutions in 
modified gravity theories. Also it could be extended to higher dimension. 
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